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- Issues with Computing Runtime

- Asymptotic Runtimes: Advantages and
Disadvantages

- Big-O Expressions
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0,1,1,2,3,5,8,13,21,34, ...
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EXPONENTIAL GROWTH

Foo = 6765

Fso = 12586269025

Fioo = 354224848179261915075

Fio00 = 4346655768693745643568852767
5040625802564660517371780402
4817290895365554179490518904
0387984007925516929592259308
0322634775209689623239873322

more than 200 digits long! 64409065331879382
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COMPUTING FIBONACCI NUMBERS

Problem

Given n > 1, compute Fp.

function FibRec(n)
if n<1:
return n
return FibRec(n —1)+ FibRec(n —2)
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RUNNING TIME

Let T(n) denote the number of computer steps
taken by FibRec(n). Then

T(n)=2forn <1
and

T(n)=Th—-1)+T(n—-2)+3forn>1.

Hence T(n) > F, > 22,
T(100) > 2.86 - 10”'

Takes more than 90,000 years to compute
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FASTER ALGORITHM

function Fib(n)
create an array F[0...n]
F[O] < O, F[1] + 1
for i from 2 to n:

Fli] < F[i =] + F[i — 2]
return F[n]

T(n)=2n+2  T(100) = 202



VISUALIZATION

http://www.cs.usfca.edu/~galles/
visualization/DPFib.html
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FIBONACCI NUMBERS

- Naive algorithm is ridiculously slow
- Improved algorithm is so much faster

- We want algorithms that are efficient for large
inputs

- The right algorithm makes all the difference



Running Time
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CLOSER LOOK

function Fib(n)

create an array F[0...n]
F[O] < 0, F[1] «+ 1
for i from 2 to n:

Fli] < F[i = 1]+ F[i — 2]
return F[n]



EXACT RUNNING TIME

- Processor’s speed
- Compiler
- System Architecture

- Memory Hierarchy
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ASYMPTOTIC RUNNING TIME

- All of that modifies runtime by a constant
factor

- Measure runtime ignoring constants

- How runtime scales with n: v/n,n,n%,1.5", ...
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COMPARING VARIOUS RUNNING TIMES AND
INPUT SIZES

n  nlogn n? 2"

n=20 1sec 1sec 1sec 1 sec
n=50 1sec 1sec 1sec 13days
n=10% 1sec 1sec 1sec 4-108yr
n=10° 1sec 1sec 17 min

n=10° 1sec 30sec 30yr

max n for 1 sec  10° 10/ 104> 30
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ASYMPTOTIC RUNNING TIME

- Allows us to ignore details of computer and
program

- Clears up notation for running time: n? instead
of 7n? —10n + %3 + sin(x)

- Loses (important) information about constant
multiples

- For large n, difference between n and 100n is

insignificant comparing to difference between
nand n’



Asymptotic Notation



GROWTH RATE

5n? 4 4n + 1 has the same growth rate as n?

—_
(]

5n?4-4n+1
n2

N W B U0y 0o

12 3 45 6 7 8 9101 1213141516 17 18 19 20
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INFORMAL DEFINITION

- f,g:N—=R

- f=0(g) (f grows no faster than g, f < g),
if there is a constant ¢ > 0 such that
f(n) <c-g(n)forallneN

5N +4n +1<5n% + 4n% + n? = 10n% = O(n?)

- 50’ +4n +1=0(n?),
100n? — 5 = 0(n?),
n’/50 — 70n = O(n?)
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© n?+nt=0(n’)?
- n®+n*=0(n*)?
- n® = 0(n*)?

- v/n=0(n%"y?

L 2 = 0(2")?

- nlog,n =0(n)?

Quiz
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function Fib(n)

Create an array F[O . n] O(n) operations

F[O] +— 0, F['l] — 1 0(1) operations
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FIBONACCI NUMEBRS

function Fib(n)

create an array F[0...n]
F[O] < O, F[1] « 1
for | from 2 to n:

Fli] < F[I = 1] + F[i — 2]
return F[n]

O(n) operations
O(1) operations
O(n) repetitions
O(n) operations

O(1) operations



FIBONACCI NUMEBRS

function Fib(n)

create an array F[On] 0(n) operations

FI0] < O, F[1] « 1 0(1) operations
for | from 2 to n: 0(n) repetitions

Fli] < F[I = 1] + F[i — 2] O(n) operations
return F[n] 0(1) operations

Total: O(n) + O(1) + O(n) - O(n) + O(1) = O(n?) operations
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- Sum of all numbersinrange {0,...,n}is
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MISSING NUMBER

- Compute sum of all elements in stream:

- Sum of all numbersinrange {0,...,n}is
S — n(n-+1)

2

- Missing numberis S —s =2 s

- Running time is O(n)
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MAJORITY ELEMENT

- count <+ 0; m<«+_L

- For each element x; of Stream:

- If count = 0, then m < x; and count + 1
- Elself x; = m, then count ++
- Else count --

- Return m

- Running time is O(n)
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j240
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2. Smaller terms can be omitted:
n+n = 0(n%), n’>+7n = 0(n?),3n* +2" = O(2")

8 8 8 & B g8 8 8 8 2
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COMMON RULES

5. Exponentials grow faster than Polynomials:
n? <b"(a>0,b>1)
= 0(2"), n* = 0(v/2"),n?® = 0(1.1")

0
o /
o
= = % r £)



Quiz

- Sort the following functions by their orders of
growth
",
* logn
. N
* Nlogn
" n

- Vn
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FREQUENTLY USED FUNCTIONS

logn <+v/n<n=<nlogn<n*=<2"

16
14
12
10

N O @



FREQUENTLY USED FUNCTIONS

logn <+v/n<n=<nlogn<n*=<2"

16 128
14 112
12 96
10 80
8 64
6 48
4 32
2 16
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FORMAL DEFINITION

- Is n = 0(nlog,(n)), is n = O(n? —1)?

- f=0(g) (f grows no faster than g, f < g),
If there are constants ¢, ng > 0 such that
f(n) <c-g(n)foralln > ng
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ifg=0()
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+ f=Q(g) (f grows no slower than g, f > g),
if g = O(f)

- f=1Q(g) if there are constants ¢, ng > 0 such
that f(n) > c-g(n) forall n > ng

- 5n2 +3n=Q(n), T —10n -5 = Q(n%)



ASYMPTOTICALLY TIGHT BOUNDS

- f=©(g) (have the same growth rate, f < g),
iff=0(g) and g = O(f)



ASYMPTOTICALLY TIGHT BOUNDS

- f = ©(g) (have the same growth rate, f < g),
iff=0(g) and g = O(f)

- f=0(g) if there are constants ¢, C,ny > 0 such
that c-g(n) <f(n) < C-g(n) forall n > ng



ASYMPTOTICALLY TIGHT BOUNDS

- f = ©(g) (have the same growth rate, f < g),
iff=0(g) and g = O(f)

- f=0(g) if there are constants ¢, C,ny > 0 such
that c-g(n) <f(n) < C-g(n) forall n > ng

* 17n* —3n +10 = ©(n*)
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OTHER NOTATION

- f=0(g) (f grows slower than g, f < g),
iff/g — 0

- 0= o(n?), n? = o(2")

- f=w(g) (f grows faster than g, f = g),
iff/g — oo

- n* =w(n), n=w(logn)
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ORDER OF GROWTH

- O(logn) Logarithmic functions

- ©((log n)°) Polylogarithmic functions
- ©(n) Linear functions

- ©(n - logn) Quasilinear functions

- ©(n?) Quadratic functions

©(n°) for a constant ¢ > 0 Polynomial
functions

©(c") for a constant ¢ > 1 Exponential
functions



