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Upper Bound [Lup1958]
Any function can be computed by a circuit of
size

<2"/n
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SYMMETRIC FUNCTIONS. EQUIV DEF
f:{0,1}" — {0,1} is symmetric iff
f=9(x1+...+xn)

forsome g: {0,...,n} — {0,1}.

f:{0,1}" — {0,1} is symmetric iff
f=h(Sump(Xq,...,Xn))

for some h: {0,1}°¢" — {0, 1}, where
Sump,: {0,1}" — {0, 1}°e".
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Sums (X1, X2, X3) = (carry, parity)
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COMPLEXITY OF Sum,
X1 Xy Xz3Xy4 Xs5Xg  X7Xg Xn
N S S N A AN 5 N3
Sums{Sums—SumsHSums— - - - —{Sums Yo N /2

N NS

# blocks

Sum; Sum; ) - — Y1 n/h4
Sums > Viogn—1 1

Size(Sumy) < n - Size(Sums;) = O(n) Total: n — 1
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Theorem
If f: {0,1}" — {0,1} is a symmetric function,
then

Size(f) < O(n).

f=h(Sump(x1,...,Xn)), h: {0,1}°€" — {0 1}
Size(f) < Size(Sump) + Size(h)
Size(Sum,) = O(n)
Size(h) <10 - 26" = O(n)
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Th2(X1, R ,Xn) = Thz(y1, Ce ,y\/ﬁ) Or Thz(Z1, R ,Z\m)
Size(Tha(n)) < 2n + 2 Size(Thy(v/A)) < 20 + O(/7)
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