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Rigidity in Sub-Exponential Time



MAIN THEOREM
Theorem Hf.,

For any r, in time q°("), one can construct a
matrix A € IFQX” such that

R(r) > Q(n*/logr).
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MAIN THEOREM
Theorem

For any r, in time q°("), one can construct a
matrix A € F1*" such that v/

R(r) > Q(n*/logr).

Corollary

For any e > 0, one can construct in
sub-exponential time 2°0") g matrix
A € F)™" such that

RE(n2=%) > Q(n?/logn).




Theorem

For any r, in time g°), one can construct a
matrix A € ]ngnfuﬁ that

R, (r) > Q(n?/logr) .
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Rigidity in Super-Exponential
Time



RIGIDITY OF SPARSE MATRICES

- How rigid can a t-sparse matrix M be?



RIGIDITY OF SPARSE MATRICES

- How rigid can a t-sparse matrix M be?

- At best: R(en) >

e O "’L

(w-mu
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- How rigid can a t-sparse matrix M be?

- At best: R(en) > Q(t)
-

- In fact, this bound iIs tight
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Theorem
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sparsity [|Ml||o < t, and rigidity
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MAIN THEOREM

Theorem
* For every t, there exists a matrix M € F)*" of
sparsity [|Ml||o < t, and rigidity ( a for
R, (n/1000) > t/1000 .
Corollary - 2"

For any e > 0, one can canstruct in .~
super-exponential timegg(\m“ Nl a matrix
A € F)*" such that

RE(5n) > Q(n"te) .
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FIRST ATTEMPT

- Can we prove It by counting?

- We'd like to say that there exists a t-sparse
rigid matrix M M= L~§

- e, M, [M||g < t,@# [ +(Swhere L = M-S
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2. gpaneg
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(# of t-sparse)=<» (# of low-rank)x (# of s-sparse)
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rk(L) < rand||S|lo <s
- |t would suffice to show that
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FIRST ATTEMPT

- Can we prove It by counting?

- We'd like to say that there exists a t-sparse
rigid matrix M

- e, IM, [[M|lo < t,M # L+ S where

rk(L) < rand||S|lo <s
- |t would suffice to show that

(# of t-sparse) > (# of low-rank)x(# of s-sparse)

- But this doesn’t hold
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PROOF OUTLINE
- For a sparse matrix M, if

M=L+S,

then L Is sparse, too!
- Instead of counting # of low-rank L, count # of

sparse and low-rank
- We'll show that

(# of t-sparse) > (# of sparse low-rank) x
x (# of s-sparse)

- Easier to work with regularly sparse matrices



REGULARLY RIGID MATRICES

o Y iy
A matrix 1s s-regularly-s8 If each row and

each column has at most s non-zeros.
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REGULARLY RIGID MATRICES

A matrix Is s-regularly r,@ad If each row and
each column has at most s non-zeros.

A matrix is (r,s)-regularly rigid if it's not a sum
of r-rank and s-regularly-rigid matrices.
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REGULARLY RIGID MATRICES

A matrix is s—regularly—%if each row and
each column has at most s non-zeros.

A matrix is (r,s)-regularly rigid if it's not a sum
of r-rank and s-regularly-rigid matrices.

Claim

The existence of (Q(n)(s)-regularly-rigid
matrix implies the existence of

(Q(n), Q(5m))-rigid matrix.
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SPARSE LOW-RANK MATRICES

Lemma

The number of s-reqgularly sparse matrices
e 7" of rank rk(M) < ris at most

n6rs .

6 (mr)

Co fr (ow—nante 2



ENCODING OF MATRICES

Lemma
Let M| be the set of F"*" matrices of ranR r.
The mapping

gb: M,C, N (F1><n)r < (]an1)r < [n]Zr

defined as
d(M) = (R, Coiny oo sdrs 1y ey )r)

IS a one-to-one mapping, where

R = (ROWH(M), Ceey ROW,’r(M)) and

C = (Colj,(M),...,Col; (M)) are a row space
basis and a column space basis of M.



Lemma

Let M7, be the set of F"™" matrices of rank r.
The mapping

(b: M; N (F1><r7)r >< (an1)r % [n]Zr
defined as
dM) = (R, Ciry o ylry 1y sir)
IS a one-to-one mapping, where
R = (Row;, (M), ..., Row;(M)) and

C = (Col;,(M), ..., Col;(M)) are a row space
basis and a column space basis of M.
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MAIN THEOREM

Theorem

For every t, there exists a matrix M € F}*" of
sparsity [|Ml||o < t, and rigidity
R,7(n/1000) > t/1000 .
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Lemma

The number of s-regularly sparse matrices
e F7*" of rank rk(M) < r is at most

Quuuj [ow -nanle neg - Spanct tatyy
Cau he ‘”""’“’M

R) C_) l‘.,__,-l‘lz) jc,._.. Sk
Hoof (owiant vag-ppance wentriey

& W of such @wcool""js.

n
~ S ——— ;‘ go K oon-.2¢
lll -

- 5 -

H cnadairet R (‘S’ﬂ
hi leusc (

H# ey 'L))"“‘/ <

( 5






