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OVERVIEW
- Recall that we want M € F5*", M € PP

Ry (en) > Q(n'?).

- We'll prove that there is M € F)*", M e PNP

Rﬁz(zlogn/loglogn) > Q(I’)z) .

- We'll use

- Orthogonal Vectors

- Non-deterministic Hierarchy Theorem
- Rectangular PCPs
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ORTHOGONAL VECTORS
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Definition

S, T are sets of N vectors from {0, 1}@. Are
theres € Sand t € T such that
() = S s;-t; = 07 (over Z).
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COMPLEXITY OF OV

- Can be solved in O(N%d)

. Can be solved in O(N - 29)

"



COMPLEXITY OF OV
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Can be solved in O(N“d) eggmmg/lj
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- Can be solved in O(N - 29)

- Conjecture: no algorithm can solve OV In time
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SAT 10 OV

- Given a R-CNF ¢, split its n input variables into
two sets of size n/2

- For each assignment to the first group — a
vector in S, for each assignment to the
second — avectorinT

- N = 2"/
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- For an assignment x € {0,1}"/2, add s € {0,1}"
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SAT 10 OV

- For an assignment x € {0,1}"/2, add s € {0,1}"
to S:

s =11ff x clause G
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SAT 10 OV

- For an assignment x € {0,1}"/2, add s € {0,1}"
to S:

s; = 11ff x doesn't satisfy clause C;
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- An N°~5 algorithm for OV with d = w(log N)
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SAT TO OV
- For an assignment x € {0,1}"/2, add s € {0,1}"
to S:

s; = 11ff x doesn't satisfy clause C;

- ¢ ISSAT Iffds e S, te T:
Vie[m]: Xj-yi=20

- An N°~¢ algorithm for OV with d = w(log N)

gives an algorithm for R-SAT with run time
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- Even harder problem #0OV: Count the number
of orthogonal pairs of vectors
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HOV

- Even harder problem #0OV: Count the number
of orthogonal pairs of vectors

- Still trivially solvable in O([sz)
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HOV

- Even harder problem #0OV: Count the number
of orthogonal pairs of vectors

- Still trivially solvable in O(n?d)

- We'll give a slightly faster algorithm: 1/
n2 1/ log(d/ log n)
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HOV

- Even harder problem #0OV: Count the number
of orthogonal pairs of vectors

- Still trivially solvable in O(n?d)

- We'll give a slightly faster algorithm: \/
n2—1/|og(d/ log n)
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ALGORITHM FOR #OV

Theorem
There is a deterministic algorithm that solves
#0V over T, in time O(n*>="/1eeld/1ee M) for any
d = o(n).




MODULUS-AMPLIFYING POLYNOMIALS [BT94]

For every@the following univariate polynomial
of degree < 2/ 06'5’52?"‘2(




RECTANGULAR MATRIX MULTIPLICATION

Theorem (Cop82, Wil14)

There Is a deterministic algorithm that
multiplies two matrices A € FJ*"" and
B e FJ""*" in time O(n? poly(log n)).
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ALGORITHM FOR #OV

Theorem
There is a deterministic algorithm that solves
40V over F, in time O(n?="/1ee(d/legn)y for any
d = o(n).



Theorem
There is a deterministic algorithm that solves
#0V over T, in time O(n?>~"/leeld/logn)) for any
d = o(n).
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=> golve qll fwwc 7)
—> Solve #OV[Q)T}
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