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RECAP

- Non-rigid = Sparse + Low-Rank
- Rigid # Sparse + Low-Rank

- Proving Valiant's result:
rigid matrices require log-depth circuits
of super-linear size



RIGIDITY IMPLIES CIRCUIT LOWER BOUNDS

Theorem (Val77)

Let IF be a field, and A € F"*" be a family of
matrices for n € N.

If RE(en) > n' for constant ¢, > 0, then any
O(log n)-depth linear circuit computing x — Ax
must be of size Q2(n - loglog n).



DEPTH REDUCTION

Lemma (EGS75)

Let G be an acyclic digraph with s edges and
of depth d = 2~

There exists a set of s/ logd edges in G such
that after their removal, the longest path in G
has length at most d/2.
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Theorem (Val77) Lemma (EGS75)

lfRE(eEﬂ) < n+o fOI’ constant e, 5 > 0, then any Let G be an acyclic digraph with s edges and

. . . of depth d = 2*.
O(log n)-depth linear circuit computing x — Ax , ,
There exists a set of s/ log d edges in G such

must be ofszze Q(n - loglog ﬂ). that after their removal, the longest path in G
as length at most d/2.
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SMALL CIRCUITS ARE NOT RIGID

- A linear circuit computes Mx for input x € F"
where M € M7

- For a circuit of size O(n) and depth O(Iog n)
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SMALL CIRCUITS ARE NOT RIGID

- A linear circuit computes Mx for input x € F"
where M € M7

- For a circuit of size O( n) and depth O(Iog n)
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SMALL CIRCUITS ARE NOT RIGID

- A linear circuit computes Mx for input x € F"
where M € " x —= Mx

- For a circuit of size O(n) and depth O( ogn
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Rigidity for rank n/100 and
sparsity n'%" implies
super-linear circuit lower
bounds
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MINIMAL AND MAXIMAL RIGIDITY

- We know there are matrices of rigidity 0

- What is maximal rigidity? (Do rigid matrices
even exist?)

- What is “typical” rigidity?
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BOUNDS ON RIGIDITY

- First, we show that R4(r) < (n —r)?.

(Which is much larger than what we need for
circuit lower bounds.)

- Then we show that most matrices achieve this
bound!



RIGIDITY UPPER BOUND

Theorem
Forany F,A € F"™" 0 <r <n,

Ra(r) < (n—1)°.
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EXISTENCE OF RIGID MATRICES

Theorem
For any field T,

- If F Is infinite, then for all 0 < r < n there
exists a matrix M € F"*" of rigidity

RE(r) = (n— )

- if Fis finite, then forall0 < r < n—Q(y/n)
there exists a matrix M € F"™" of rigidity

Ru(r) =Q((n=r)*/logn) .
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