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æ̺̤˺ϑ

ࡦ £ȴȣ࢙ɫǩǊǩƌ = ðɠŒɫɻƟ + �ȴʿ࢙æŒȣȅ

ࡦ æǩǊǩƌ ̸= ðɠŒɫɻƟ + �ȴʿ࢙æŒȣȅ

ࡦ ßɫȴʻǩȣǊ ĨŒȋǩŒȣʉࢪɻ ɫƟɻʞȋʉࡩ
ɫǩǊǩƌ ȝŒʉɫǩƁƟɻ ɫƟɧʞǩɫƟ ȋȴǊ࢙ƌƟɠʉǞ ƁǩɫƁʞǩʉɻ
ȴǇ ɻʞɠƟɫ࢙ȋǩȣƟŒɫ ɻǩ˔Ɵ
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ȴǇ ɻʞɠƟɫ࢙ȋǩȣƟŒɫ ɻǩ˔Ɵ



æ̺̤˺ϑ
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ࡦ æǩǊǩƌ ̸= ðɠŒɫɻƟ + �ȴʿ࢙æŒȣȅ

ࡦ ßɫȴʻǩȣǊ ĨŒȋǩŒȣʉࢪɻ ɫƟɻʞȋʉࡩ
ɫǩǊǩƌ ȝŒʉɫǩƁƟɻ ɫƟɧʞǩɫƟ ȋȴǊ࢙ƌƟɠʉǞ ƁǩɫƁʞǩʉɻ
ȴǇ ɻʞɠƟɫ࢙ȋǩȣƟŒɫ ɻǩ˔Ɵ



æ̭ͮͮͮ͞ϫС xΓϑΉ̺ͮϡ +ͮϘ̤Ϻͮϫ �ΧЙ̺Ϙ #ΧϺΗ̭ϡ

üǞƟȴɫƟȝ ࢎࠄࠄĨŒȋࢍ
�Ɲʂ F ŶƝ Œ ˧ƝȈƊࡪ ŒȠƊ � ∈ FȠ×Ƞ ŶƝ Œ ǅŒȚǦȈˁ Ȱǅ
ȚŒʂɥǦƀƝɵ ǅȰɥ Ƞ ∈ Nࡰ

uǅ RF
�(εȠ) > Ƞ߾+δ ǅȰɥ ƀȰȠɵʂŒȠʂ ε, δ > ࡪ߽ ʂǛƝȠ ŒȠˁ

®(log Ƞ)ƊƝɛʂǛ ȈǦȠƝŒɥ ƀǦɥƀʗǦʂ ƀȰȚɛʗʂǦȠǈ ˀ→ �ˀ
Țʗɵʂ ŶƝ Ȱǅ ɵǦˍƝ Ω(Ƞ · log log Ƞ)ࡰ



5̺ϑϫͩ æ̺̭Ϻ̤ϫͮΧΗ

�ƟȝȝŒ ࢎࠂࠄDcðࢍ
�Ɲʂ a ŶƝ ŒȠ ŒƀˁƀȈǦƀ ƊǦǈɥŒɛǛ ʸǦʂǛ ɵ ƝƊǈƝɵ ŒȠƊ
Ȱǅ ƊƝɛʂǛ Ɗ = ࡰȂ߿

óǛƝɥƝ ƝˀǦɵʂɵ Œ ɵƝʂ Ȱǅ ɵ/ log Ɗ ƝƊǈƝɵ ǦȠ a ɵʗƀǛ
ʂǛŒʂ ŒǅʂƝɥ ʂǛƝǦɥ ɥƝȚȰʴŒȈࡪ ʂǛƝ ȈȰȠǈƝɵʂ ɛŒʂǛ ǦȠ a
ǛŒɵ ȈƝȠǈʂǛ Œʂ ȚȰɵʂ Ɗ/ࡰ߿



æ̭ͮͮͮ͞ϫС xΓϑΉ̺ͮϡ +ͮϘ̤Ϻͮϫ �ΧЙ̺Ϙ #ΧϺΗ̭ϡ

üǞƟȴɫƟȝ ࢎࠄࠄĨŒȋࢍ
uǅ RF

�(εȠ) > Ƞ߾+δ ǅȰɥ ƀȰȠɵʂŒȠʂ ε, δ > ࡪ߽ ʂǛƝȠ ŒȠˁ
®(log Ƞ)ƊƝɛʂǛ ȈǦȠƝŒɥ ƀǦɥƀʗǦʂ ƀȰȚɛʗʂǦȠǈ ˀ→ �ˀ
Țʗɵʂ ŶƝ Ȱǅ ɵǦˍƝ Ω(Ƞ · log log Ƞ)ࡰ
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�ͮΗ̺˺Ϙ࢙ðͮЬ̺ �Χ͞5̺࢙ϑϫͩ +ͮϘ̤Ϻͮϫϡ ࢂࠄࠄĨ˺Ήࢁ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ



�ͮΗ̺˺Ϙ࢙ðͮЬ̺ �Χ͞5̺࢙ϑϫͩ +ͮϘ̤Ϻͮϫϡ ࢂࠄࠄĨ˺Ήࢁ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛεȠ

ʞȣŷȴʞȣƌƟƌ



�ͮΗ̺˺Ϙ࢙ðͮЬ̺ �Χ͞5̺࢙ϑϫͩ +ͮϘ̤Ϻͮϫϡ ࢂࠄࠄĨ˺Ήࢁ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛεȠ

ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

Ƞδ Ƞδ



ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
ʿǞƟɫƟ � ∈ FȚ×Ƞ

ࡦ `ȴɫ Œ ƁǩɫƁʞǩʉ ȴǇ ɻǩ˔Ɵ ®(Ƞ) Œȣƌ ƌƟɠʉǞ ®(log Ƞ)ࡪ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛɵ

ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ



ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
ʿǞƟɫƟ � ∈ FȚ×Ƞ

ࡦ `ȴɫ Œ ƁǩɫƁʞǩʉ ȴǇ ɻǩ˔Ɵ ®(Ƞ) Œȣƌ ƌƟɠʉǞ ®(log Ƞ)ࡪ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛɵ

ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ
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ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞
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ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ
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ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ

Ox Mx



ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
ʿǞƟɫƟ � ∈ FȚ×Ƞ

ࡦ `ȴɫ Œ ƁǩɫƁʞǩʉ ȴǇ ɻǩ˔Ɵ ®(Ƞ) Œȣƌ ƌƟɠʉǞ ®(log Ƞ)ࡪ

� = �+ * · 3
ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛɵ

ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ
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ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
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� = �+ * · 3
Ț× Ƞ

Ț× Ƞ
Ț× εȠ

εȠ× Ƞ
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ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ
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ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞
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ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
ʿǞƟɫƟ � ∈ FȚ×Ƞ

ࡦ `ȴɫ Œ ƁǩɫƁʞǩʉ ȴǇ ɻǩ˔Ɵ ®(Ƞ) Œȣƌ ƌƟɠʉǞ ®(log Ƞ)ࡪ
Ț× Ƞ

Ț× Ƞ
Ț× εȠ

εȠ× Ƞ

ɻɠŒɫɻƟ
� = �+ * · 3 = �+ #

ɻɠŒɫɻƟ
ȋȴʿ࢙ɫŒȣȅ

ˀ߾ ˀ߿ . . . ˀȠ−߾ ˀȠ

ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛɵ

ɡ߾ ɡ߿ . . . ɡȠ−߾ ɡȠ

ʞȣŷȴʞȣƌƟƌ

ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ
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ðΓ˺ΉΉ +ͮϘ̤Ϻͮϫϡ ˺Ϙ̺ £Χϫ æ̭ͮͮ͞

ࡦ � ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ƁȴȝɠʞʉƟɻ �ˀ Ǉȴɫ ǩȣɠʞʉ ˀ ∈ FȠ
ʿǞƟɫƟ � ∈ FȚ×Ƞ

ࡦ `ȴɫ Œ ƁǩɫƁʞǩʉ ȴǇ ɻǩ˔Ɵ ®(Ƞ) Œȣƌ ƌƟɠʉǞ ®(log Ƞ)ࡪ
Ț× Ƞ

Ț× Ƞ
Ț× εȠ

εȠ× Ƞ

ɻɠŒɫɻƟ
� = �+ * · 3 = �+ #
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ɛ߾ ɛ߿ . . . ɛɵ−߾ ɛɵ
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ʂ ʂ

ࡦ � ∈ FȚ×Ƞ ǩɻ ȣȴʉ ɫǩǊǩƌࡩ
� = �+ #
ɵ࢙ɻɠŒɫɻƟ rk ≤ εȠ
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æǩǊǩƌǩʉˈ Ǉȴɫ ɫŒȣȅ Ƞ/߽߽߾ Œȣƌ
ɻɠŒɫɻǩʉˈ Ƞ߾߽.߾ ǩȝɠȋǩƟɻ

ɻʞɠƟɫ࢙ȋǩȣƟŒɫ ƁǩɫƁʞǩʉ ȋȴʿƟɫ
ŷȴʞȣƌɻ



DРͮϡϫ̺Η̤̺ Χ͘ æ̭ͮͮ͞ �˺ϫϘ̤̺ͮϡ



�ͮΗͮΓ˺Ή ˺Η̭ �˺РͮΓ˺Ή æ̭ͮͮͮ͞ϫС

ࡦ īƟ ȅȣȴʿ ʉǞƟɫƟ ŒɫƟ ȝŒʉɫǩƁƟɻ ȴǇ ɫǩǊǩƌǩʉˈ ߽

ࡦ īǞŒʉ ǩɻ ȝŒˇǩȝŒȋ ɫǩǊǩƌǩʉˈࡲ 5ȴࢍ ɫǩǊǩƌ ȝŒʉɫǩƁƟɻ
ƟʻƟȣ Ɵˇǩɻʉࢎࡲ

ࡦ īǞŒʉ ǩɻ ࢨʉˈɠǩƁŒȋࢧ ɫǩǊǩƌǩʉˈࡲ



�ͮΗͮΓ˺Ή ˺Η̭ �˺РͮΓ˺Ή æ̭ͮͮͮ͞ϫС

ࡦ īƟ ȅȣȴʿ ʉǞƟɫƟ ŒɫƟ ȝŒʉɫǩƁƟɻ ȴǇ ɫǩǊǩƌǩʉˈ ߽

ࡦ īǞŒʉ ǩɻ ȝŒˇǩȝŒȋ ɫǩǊǩƌǩʉˈࡲ 5ȴࢍ ɫǩǊǩƌ ȝŒʉɫǩƁƟɻ
ƟʻƟȣ Ɵˇǩɻʉࢎࡲ

ࡦ īǞŒʉ ǩɻ ࢨʉˈɠǩƁŒȋࢧ ɫǩǊǩƌǩʉˈࡲ



�ͮΗͮΓ˺Ή ˺Η̭ �˺РͮΓ˺Ή æ̭ͮͮͮ͞ϫС

ࡦ īƟ ȅȣȴʿ ʉǞƟɫƟ ŒɫƟ ȝŒʉɫǩƁƟɻ ȴǇ ɫǩǊǩƌǩʉˈ ߽

ࡦ īǞŒʉ ǩɻ ȝŒˇǩȝŒȋ ɫǩǊǩƌǩʉˈࡲ 5ȴࢍ ɫǩǊǩƌ ȝŒʉɫǩƁƟɻ
ƟʻƟȣ Ɵˇǩɻʉࢎࡲ

ࡦ īǞŒʉ ǩɻ ࢨʉˈɠǩƁŒȋࢧ ɫǩǊǩƌǩʉˈࡲ



#ΧϺΗ̭ϡ ΧΗ æ̭ͮͮͮ͞ϫС

ࡦ `ǩɫɻʉࡪ ʿƟ ɻǞȴʿ ʉǞŒʉ RF
�(ɥ) ≤ (Ƞ− ɥ)߿ .

īǞǩƁǞࢍ ǩɻ ȝʞƁǞ ȋŒɫǊƟɫ ʉǞŒȣ ʿǞŒʉ ʿƟ ȣƟƟƌ Ǉȴɫ
ƁǩɫƁʞǩʉ ȋȴʿƟɫ ŷȴʞȣƌɻࢎࡱ

ࡦ üǞƟȣ ʿƟ ɻǞȴʿ ʉǞŒʉ ȝȴɻʉ ȝŒʉɫǩƁƟɻ ŒƁǞǩƟʻƟ ʉǞǩɻ
ŷȴʞȣƌ

R En Rep n
or



#ΧϺΗ̭ϡ ΧΗ æ̭ͮͮͮ͞ϫС

ࡦ `ǩɫɻʉࡪ ʿƟ ɻǞȴʿ ʉǞŒʉ RF
�(ɥ) ≤ (Ƞ− ɥ)߿ .

īǞǩƁǞࢍ ǩɻ ȝʞƁǞ ȋŒɫǊƟɫ ʉǞŒȣ ʿǞŒʉ ʿƟ ȣƟƟƌ Ǉȴɫ
ƁǩɫƁʞǩʉ ȋȴʿƟɫ ŷȴʞȣƌɻࢎࡱ

ࡦ üǞƟȣ ʿƟ ɻǞȴʿ ʉǞŒʉ ȝȴɻʉ ȝŒʉɫǩƁƟɻ ŒƁǞǩƟʻƟ ʉǞǩɻ
ŷȴʞȣƌ



æ̭ͮͮͮ͞ϫС ċϑϑ̺Ϙ #ΧϺΗ̭

üǞƟȴɫƟȝ
^Ȱɥ ŒȠˁ F,� ∈ FȠ×Ƞ, ߽ ≤ ɥ ≤ Ƞࡪ

RF
�(ɥ) ≤ (Ƞ− ɥ)߿ .
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RF
�(ɥ) = Ω

(
(Ƞ− ɥ)߿/ log Ƞ

)
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