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EXPLICIT CONSTRUCTIONS



EXPLICIT LOWER BOUND

Theorem

Let F be a fixed finite field, and G € F"™** be a
generator matrix of a good linear code, then
for every Q(logn) < r < O(n),

n? n
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LINEAR CODES

- A linear code CIs a subspace of F".

- Distance

d(C) = min (|w|s: w € C,w # 0) .

- Given be a generator matrix G € F”*® whose
columns form a basis of C.

+ Explicit constructions: d,k = ©(n b(F
& Gooof C—oa&?



LOWER BOUND OF PUDLAK AND RODL

Theorem

Let F = F, be a finite field of size q. Let
G € F"™*k be a generator matrix of a code of
dimension k and distance én for a constant

O0<o< Thenforany1<r<q2, g 24
5, @(n)
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Theorem

LetIF =4 be a finite field of size q. Let
G € F"™** be a generator matrix of a code of

dimension k and distance dn for a constant “a Vll‘( ( L\ é 2

0 <& < 1. Then for any 1 grg%,

F
> .
RG(r)r_ ar

B M ( (‘La ) [?Q’Y?QML"PK
.) ackow (S0¢ FW 86 9

q Y2 9{’)&!’—9{94 col s oJ:
2ach of tlua, Il§l w/) >0

hx ¥,

G L§ef

1SN, « ko

G LS MW“L”/ o Yea o cds.
Raunk (U) £ pank ()R

Tdeon

/ b of calt C! = coderonsd

L.V\ Cowvn

G': L& = G!-=

(S 2@7\?’(~
L‘*f



[, We'll oliow

g'/‘,oﬁ'-é lin combof L}
gd ¢ Mw/b 0}: ool% G‘
- ooJ@w\QVL-J =7 ” ”0 rglﬁ&‘f’l—.

2 Well
m omny s Mw‘b “ [P

hiely => Rank (L) [anpe
Co uflfl’m\,J/‘chJ\J Y



Ll;él_sw (6)7;,‘
Kty e ol Fg ¢ f
Xéf \50“"3 Vieny % 2—8
on-2endy

X1\, 4@

L' v = “ (é"§>>(ua <
4l =16« -S'xllo >

2 116 sl ~115'%ll,
> C‘x c,oolewon-ol"’“G\x“ %, dn

116 x|l £llxllo® col spans ofS"

“K“o’gwnu | ) Oy—wlg oj:gl
L (. b o
- 20 =

5/%\?0

—




Yeto lxlloel L' #0

\((/
V% \’Zé(F ) '51:’2.'\,)\5 la “‘jb[,vé{

L‘lj.'ﬁéyz. N

(Wam /mc,c a):L
ol space of L') Z @:’
taz) (’ng (%/}%
bz
D7 (a)
F—kéﬁ) ‘;o(rw\(col S L)

g, (1" <8 15,19



)7 ()~

pe(l)) =dim (col 5P L) =

:QZ ,,’(z
[oj>7 (z ’*3 )




LOWER BOUND OF SHOKROLLAHI, SPIELMAN
AND STEMANN

- Untouched minor.



LOWER BOUND OF SHOKROLLAHI, SPIELMAN
AND STEMANN

- Untouched minor.

5%

- Step 1: O(n?/r) changes in n x n matrix leave
an r x r submatrix untouched.




LOWER BOUND OF SHOKROLLAHI, SPIELMAN
AND STEMANN

- Untouched minor.

(%)
- Step 1: O(n?/r) changes in n x n matrix leave

an r x r submatrix untouched.

- Step 2: Take a matrix where each r x r
[ )

submatrix is full-rank. [
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LOWER BOUND OF SHOKROLLAHI, SPIELMAN
AND STEMANN

- Untouched minor.

%)
- Step 1. O(nz%) changes in n x n matrix leave
an r x r submatrix untouched.

- Step 2: Take a matrix where each r x r
submatrix is full-rank.
19t% |
- After O(n?/r) changes, the rank is > r.



KOVARI-SOS-TURAN THEOREM

Theorem

Let n,s € N such thats < nand Gbeann x n

bipartite graph. If G has no s x s bi-clique,
then the number of edges in G Is at most

(s—=N)"5(n—=s+1)n"""+ (s = 1n.
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Theorem

Let n,s € Nsuch thats <nand Gbeann x n
bipartite graph. If G has no s x s bi-clique,
then the number of edges in G Is at most
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UNTOUCHED MINOR

Lemma

Let n,r € N such that logn <r <n, andA be 2001
- (n— r) n =l

an n x n matrix. If fewer than 5 2(r+1 log = & @(__[091

entries of A are changed, then some

(r+£1) x (r+1) submatrix of A remains

untouched.




Lemma

Let n,r € N such thatlogn <r <n, and A be
an n x n matrix. If fewer than % log &
entries of A are changed, then some

(r+1) x (r+ 1) submatrix of A remains
untouched.
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COROLLARY

Corollary

If every (r+1) x (r +1) submatrix of A is
full-rank, then Ra(r) > 4([’—;) log 2 for
logn <r < 3.

Pnlw‘ous exl)lw{‘ LOW'W’S ov.eﬂjf.‘m‘(
elds.



CAUCHY MATRICES

Theorem (“:”ZZ"

Let IF be a field containing at least 2n distinct
elements denoted by X1, Xy, . .. , Xn and
Y1,Y2,...,yn. Let A € F"*" be a Cauchy matrix:

1
A,‘j — m Theﬂ
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CAUCHY MATRICES. PROOF

- Very simple explicit construction!
- Over large enough fields fields.

- It suffices to show that every (r+1) x (r+1)
submatrix has full rank.

- Every (r+1) x (r+ 1) is a Cauchy matrix too!
- Homework 1, Problem 3.

Problem 3 (Cauchy determinant). Let F be a field containing at least 2n distinct elements denoted by

T1,T2,...,Tp and Y1,¥2,...,Yn. Let A € F**" be a Cauchy matrix: A;; = ﬁ Prove that

H1§i<j§n(zj —z:)(yi — y;)
H1gi,jgn(zi —Y5) '
Conclude that det(A) # 0. ¢ —_—
D

det(A) =
—




SSS BOUND

Theorem

Let F be a field, n € N, e € (0,1), and|C C IE«“2>\
be an explicit linear code of dimension n with
minimum distance (1 — e)n. Then, there exists
a matrix A € F"™" that'carn be efficiently
constructed from any generator matrix of C
such that

n2
Ra(n) 2 8(r+1) 2r+1 AQ[




6 éD:?MM Gﬁu; e lin

N~
i

-
6‘: -\Iv\ \ \A—Gd:mw\

ngM'LOn ML’R,:";(
A o the Sanwe code

A
We| prov A v S ‘Z/fftkf

2erle Sabuginme of liag
hanl 7 R. = A ’o Mya‘o)

‘/v? . ldrc;guw.,.__e A‘*Sw’)m/-l
) has ranh <
Ac@p@m

A KLQ%Q[/\‘)K_ K

[ ~———— -y Py C—OW«LI Q’:

2 cols OFAJ' =0




E
l9

6 %
ZQ'A n
\_

lin cowb ajl €R cols A‘ ;OLR

Canuy (i WM‘) oF S (,olg G' /.57)(@0:&1

i {op panf 2R won-2ensy

xll, € R f(m-z‘l):"‘"l




EXPLICIT CODES

Proposition

There are explicit constructions of
algebraic-geometric codes of dimension n in
F2" with minimum distance (1 —&)n for

_ 2 - = =
= for every prime square g.

For eun cone b Enc g ¢ %
€< 9743




