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DРϑΉ̤ͮͮϫ �ΧЙ̺Ϙ #ΧϺΗ̭

üǞƟȴɫƟȝ

�Ɲʂ ^ ŶƝ Œ ˧ˀƝƊ ˧ȠǦʂƝ ˧ƝȈƊࡪ ŒȠƊ a ∈ FȠ×Ȃ ŶƝ Œ
ǈƝȠƝɥŒʂȰɥ ȚŒʂɥǦˀ Ȱǅ Œ ǈȰȰƊ ȈǦȠƝŒɥ ƀȰƊƝࡪ ʂǛƝȠ
ǅȰɥ ƝʴƝɥˁ Ω(log Ƞ) < ɥ < ®(Ƞ)ࡪ

RF
a(ɥ) ≥ Ω

(
Ƞ߿
ɥ · log Ƞɥ

)
.



�ͮΗ̺˺Ϙ +Χ̭̺ϡ

ࡦ � ȋǩȣƟŒɫ ƁȴƌƟ * ǩɻ Œ ɻʞŷɻɠŒƁƟ ȴǇ FȠࡱ

ࡦ 5ǩɻʉŒȣƁƟ

Ɗ(*) = min (‖ʸ‖߾ : ʸ ∈ *,ʸ %= ߽) .

ࡦ cǩʻƟȣ ŷƟ Œ ǊƟȣƟɫŒʉȴɫ ȝŒʉɫǩˇ a ∈ FȠ×Ȃ ʿǞȴɻƟ
Ɓȴȋʞȝȣɻ Ǉȴɫȝ Œ ŷŒɻǩɻ ȴǇ ࡱ*

ࡦ DˇɠȋǩƁǩʉ ƁȴȣɻʉɫʞƁʉǩȴȣɻࡩ Ɗ, Ȃ = Θ(Ƞ)ࡱ



�ͮΗ̺˺Ϙ +Χ̭̺ϡ

ࡦ � ȋǩȣƟŒɫ ƁȴƌƟ * ǩɻ Œ ɻʞŷɻɠŒƁƟ ȴǇ FȠࡱ
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ࡦ � ȋǩȣƟŒɫ ƁȴƌƟ * ǩɻ Œ ɻʞŷɻɠŒƁƟ ȴǇ FȠࡱ

ࡦ 5ǩɻʉŒȣƁƟ

Ɗ(*) = min (‖ʸ‖߾ : ʸ ∈ *,ʸ %= ߽) .
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ࡦ DˇɠȋǩƁǩʉ ƁȴȣɻʉɫʞƁʉǩȴȣɻࡩ Ɗ, Ȃ = Θ(Ƞ)ࡱ
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ࡦ � ȋǩȣƟŒɫ ƁȴƌƟ * ǩɻ Œ ɻʞŷɻɠŒƁƟ ȴǇ FȠࡱ
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Ɗ(*) = min (‖ʸ‖߾ : ʸ ∈ *,ʸ %= ߽) .
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Ɓȴȋʞȝȣɻ Ǉȴɫȝ Œ ŷŒɻǩɻ ȴǇ ࡱ*

ࡦ DˇɠȋǩƁǩʉ ƁȴȣɻʉɫʞƁʉǩȴȣɻࡩ Ɗ, Ȃ = Θ(Ƞ)ࡱ
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�ΧЙ̺Ϙ #ΧϺΗ̭ Χ͘ ßϺ̭Ή˻΄ ˺Η̭ æδ̭Ή

üǞƟȴɫƟȝ
�Ɲʂ F = Fɡ ŶƝ Œ ˧ȠǦʂƝ ˧ƝȈƊ Ȱǅ ɵǦˍƝ ɡࡰ �Ɲʂ
a ∈ FȠ×Ȃ ŶƝ Œ ǈƝȠƝɥŒʂȰɥ ȚŒʂɥǦˀ Ȱǅ Œ ƀȰƊƝ Ȱǅ
ƊǦȚƝȠɵǦȰȠ Ȃ ŒȠƊ ƊǦɵʂŒȠƀƝ δȠ ǅȰɥ Œ ƀȰȠɵʂŒȠʂ
߽ < δ < ࡰ߾ óǛƝȠ ǅȰɥ ŒȠˁ ߾ ≤ ɥ ≤ Ȃ

ɡ߿ ࡪ

RF
a(ɥ) ≥

δȂȠ logɡ Ȃɥ
ɥࠅ .
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�ΧЙ̺Ϙ #ΧϺΗ̭ Χ͘ ðͩΧ΄ϘΧΉΉ˺ͩͮࡪ ðϑ̺ͮΉΓ˺Η
˺Η̭ ðϫ̺Γ˺ΗΗ

ࡦ ċȣʉȴʞƁǞƟƌ ȝǩȣȴɫࡱ

ࡦ ðʉƟɠ ࡩ߾ ®(Ƞ߿/ɥ) ƁǞŒȣǊƟɻ ǩȣ Ƞ× Ƞ ȝŒʉɫǩˇ ȋƟŒʻƟ
Œȣ ɥ× ɥ ɻʞŷȝŒʉɫǩˇ ʞȣʉȴʞƁǞƟƌࡱ
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ࡦ �ǇʉƟɫ ®(Ƞ߿/ɥ) ƁǞŒȣǊƟɻࡪ ʉǞƟ ɫŒȣȅ ǩɻ ≥ ɥࡱ
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�ρЖ˻Ϙ࢙ͮðΨϡ࢙üϺϘ˻Η ü̺ͩΧϘ̺Γ

üǞƟȴɫƟȝ
�Ɲʂ Ƞ, ɵ ∈ N ɵʗƀǛ ʂǛŒʂ ɵ ≤ Ƞ ŒȠƊ a ŶƝ ŒȠ Ƞ× Ƞ
ŶǦɛŒɥʂǦʂƝ ǈɥŒɛǛࡰ uǅ a ǛŒɵ ȠȰ ɵ× ɵ ŶǦࢗƀȈǦɡʗƝࡪ
ʂǛƝȠ ʂǛƝ ȠʗȚŶƝɥ Ȱǅ ƝƊǈƝɵ ǦȠ a Ǧɵ Œʂ ȚȰɵʂ

(ɵ− −ɵ(Ƞ/߾(߾ ɵ+ ɵ/߾−߾Ƞ(߾ + (ɵ− .Ƞ(߾
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ċΗϫΧϺ̤̺̭ͩ �ͮΗΧϘ

�ƟȝȝŒ
�Ɲʂ Ƞ, ɥ ∈ N ɵʗƀǛ ʂǛŒʂ log Ƞ ≤ ɥ ≤ Ƞࡪ ŒȠƊ � ŶƝ
ŒȠ Ƞ× Ƞ ȚŒʂɥǦˀࡰ uǅ ǅƝʸƝɥ ʂǛŒȠ Ƞ(Ƞ−ɥ)

(߾+ɥ)߿ log
Ƞ
ɥ

ƝȠʂɥǦƝɵ Ȱǅ � ŒɥƝ ƀǛŒȠǈƝƊࡪ ʂǛƝȠ ɵȰȚƝ
(ɥ+ ×(߾ (ɥ+ (߾ ɵʗŶȚŒʂɥǦˀ Ȱǅ � ɥƝȚŒǦȠɵ
ʗȠʂȰʗƀǛƝƊࡰ

12041
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+ΧϘΧΉΉ˺ϘС

+ȴɫȴȋȋŒɫˈ
uǅ ƝʴƝɥˁ (ɥ+ ×(߾ (ɥ+ (߾ ɵʗŶȚŒʂɥǦˀ Ȱǅ � Ǧɵ
ǅʗȈȈࢗɥŒȠȂࡪ ʂǛƝȠ R�(ɥ) ≥ Ƞ߿

(߾+ɥ)ࠁ log
Ƞ
ɥ ǅȰɥ

log Ƞ ≤ ɥ ≤ Ƞ
߿ ࡰ

Previous explicit bounds over finite
fields



+˺Ϻ̤ͩС �˺ϫϘ̤̺ͮϡ

üǞƟȴɫƟȝ
�Ɲʂ F ŶƝ Œ ˧ƝȈƊ ƀȰȠʂŒǦȠǦȠǈ Œʂ ȈƝŒɵʂ Ƞ߿ ƊǦɵʂǦȠƀʂ
ƝȈƝȚƝȠʂɵ ƊƝȠȰʂƝƊ Ŷˁ ˀ߾, ˀ߿, . . . , ˀȠ ŒȠƊ
ˁ߾, ˁ߿, . . . , ˁȠࡰ �Ɲʂ � ∈ FȠ×Ƞ ŶƝ Œ *ŒʗƀǛˁ ȚŒʂɥǦˀࡩ
�ǦǺ = ߾

(ˀǦ−ˁǺ) ࡰ óǛƝȠ

RF
�(ɥ) ≥

Ƞ߿
+ɥ)ࠁ (߾ log

Ƞ
ɥ

ǅȰɥ log Ƞ ≤ ɥ ≤ Ƞ
߿ ࡰ

IIF II Hn

n

Rell x nel
Suh mortnix
is a
Cauchy Matm



+˺Ϻ̤ͩС �˺ϫϘ̤̺ͮϡࡱ ßϘΧΧ͘

ࡦ ĨƟɫˈ ɻǩȝɠȋƟ ƟˇɠȋǩƁǩʉ ƁȴȣɻʉɫʞƁʉǩȴȣ࡭

ࡦ ´ʻƟɫ ȋŒɫǊƟ ƟȣȴʞǊǞ ˨Ɵȋƌɻ ˨Ɵȋƌɻࡱ
ࡦ xʉ ɻʞǇ˨ƁƟɻ ʉȴ ɻǞȴʿ ʉǞŒʉ ƟʻƟɫˈ (ɥ+ ×(߾ (ɥ+ (߾
ɻʞŷȝŒʉɫǩˇ ǞŒɻ Ǉʞȋȋ ɫŒȣȅࡱ

ࡦ DʻƟɫˈ (ɥ+ ×(߾ (ɥ+ (߾ ǩɻ Œ +ŒʞƁǞˈ ȝŒʉɫǩˇ ʉȴȴ࡭
ࡦ oȴȝƟʿȴɫȅ ࡪ߾ ßɫȴŷȋƟȝ ࡱࠀ



+˺Ϻ̤ͩС �˺ϫϘ̤̺ͮϡࡱ ßϘΧΧ͘

ࡦ ĨƟɫˈ ɻǩȝɠȋƟ ƟˇɠȋǩƁǩʉ ƁȴȣɻʉɫʞƁʉǩȴȣ࡭
ࡦ ´ʻƟɫ ȋŒɫǊƟ ƟȣȴʞǊǞ ˨Ɵȋƌɻ ˨Ɵȋƌɻࡱ

ࡦ xʉ ɻʞǇ˨ƁƟɻ ʉȴ ɻǞȴʿ ʉǞŒʉ ƟʻƟɫˈ (ɥ+ ×(߾ (ɥ+ (߾
ɻʞŷȝŒʉɫǩˇ ǞŒɻ Ǉʞȋȋ ɫŒȣȅࡱ

ࡦ DʻƟɫˈ (ɥ+ ×(߾ (ɥ+ (߾ ǩɻ Œ +ŒʞƁǞˈ ȝŒʉɫǩˇ ʉȴȴ࡭
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