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- Probabilistic Method
Algebraic Independence

- Polynomial Method

- Zarankiewicz Problem

- Holder’s Inequality
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SIGN-RANK

Let A € {1, —=1}"". Then signrk(A) Is the
minimum rank of B st. sign(b;;) = a;; for all
I, 1€ [n].
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SIGN-RANK

Let A € {1, —=1}"". Then signrk(A) Is the
minimum rank of B st. sign(b;;) = a;; for all
[,1 € [n].

Theorem (Paturi, Simon)

Unbounded-error communication complexity
of a problem is log(signrk(A)) of its
communication matrix A.
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/ERO-PATTERNS

- Avector o € {0,1}" Is a zero-pattern of
polynomials p4, ..., p, Of t variables if there
exists x e Rt st. pj(x) =0 iff o, =0
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- Avector o € {0,1}" Is a zero-pattern of
polynomials p4, ..., pn Of t variables if there
exists x e Rt st. pj(x) =0iff o, =0

- The number of zero-patterns is < 2"



ZERO-PATTERNS

- Avector o € {0,1}" Is a zero-pattern of
polynomials p4, ..., pn Of t variables if there
exists x e Rt st. pj(x) =0iff o, =0

- The number of zero-patterns is < 2"

Theorem

For constant degree polynomials, the number
of zero-patterns is < (1) < 2" (for small t)
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ZERO-PATTERNS

- Non-rigid M:
. ! low-
— sparse +
rank
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- Each (out of n?) entries on the left is a
degree-2 polynomial of the entries on the right
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- By the zero-pattern theorem, there are only a
few zero-non-zero matrices low-degree
polynomials can generate
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ZERO-PATTERNS

- By the zero-pattern theorem, there are only a
few zero-non-zero matrices low-degree
polynomials can generate

- In particular, only a few {0, 1}-matrices

- Therefore, a random {0, 1}-matrix is rigic



SIGN-PATTERNS. EXAMPLE

Theorem

The number of -patterns of n
constant-degree polynomials of t variables is
(also) < (7).
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SIGN-PATTERNS. EXAMPLE

Theorem

The number of sign-patterns of n
constant-degree polynomials of t variables is

(also) < (7).

Theorem

There exist matrices of high sign-rank. (There
exist problems of high unbounded-error
communication complexity.)



Theorem S

There exist matrices of high -rank. (There-he number Of ~patterns Ofn
exist problems of high unbounded-error  onstant-degree polynomials of t variables is
communication complexity.) also) < (n)
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\/GISL\-HADAMARD MATRIX. EXAMPLE

Lemma (Lindsey’s Lemma)

For any submatrix H € C%*? of Hadamard
H e CN*N the absolute value of the sum of all

entries in H' is at most v/ abN.
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Lemma (Lindsey’s Lemma)

For any submatrix H € C%*? of Hadamard
H € CN*N the absolute value of the sum of all
entries in H' is at most v/abN.
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HADAMARD MATRIX. EXAMPLE

Lemma (Lindsey’s Lemma)

For any submatrix H' € C%<° of Hadamard
H € CN*N the absolute value of the sum of all
entries in H" is at most v abN.

+ Hadamard Is quasirandom: for ab > Q(N),
every a x b submatrix has 49% — 51% of 1
and —1.

- Implies circuit lower bounds, extractors,
Ramsey graphs, discrepancy, . ..



SPECTRAL METHODS

- We used relations between matrix norms to
prove that for any H' € R%*® submatrix of
Hadamard H,
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SPECTRAL METHODS

- We used relations between matrix norms to

prove that for any H' € R®*® submatrix of
Hadamard H,

rank(H") > ab/N .

- After a few changes in Hadamrd, there remains
an untouched submatrix of size a x b

- The rank of this matrix i1s large, which implies
rigidity of Hadamard



SPECTRAL METHODS. EXAMPLE

Theorem (Forster’s Theorem)
For every A € {—1,1}™",

v/ Mn
signrk(A) > .
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Theorem (Forster’'s Theorem)
For every A € {—1,1}™",
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SPECTRAL METHODS. EXAMPLE

Theorem (Forster’'s Theorem)
For every A € {—1,1}™",

v/ Mn
signrk(A) > .
IAIl2

Recall that ||Hyll>; = V/N.

Corollary

signrk(Hy) > V/N..
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A linear code C Is a subspace of F" where every
non-zero vector ¢ has
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ERROR-CORRECTING CODES

A linear code C Is a subspace of F" where every
non-zero vector ¢ has

Icllo = d.
In particular, for every x € F" there Is at most
onece Cst ||x—cllo <d/2 4 « 44 &
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ERROR-CORRECTING CODES

A linear code C Is a subspace of F" where every
non-zero vector ¢ has

Icllo > d-

In particular, for every x € F" there Is at most
onece Cst |[x—cllo<d/2

Proposition
For any finite field F, there exists an explicit
family of linear error correcting codes over F

of dimension R = n/4 and minimum distance
d = on for a constant 6 > 0.
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- Graph Distances: Preprocess a road network in
order to efficiently compute distances
between cities

(Google Maps)
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STATIC DATA STRUCTURES. EXAMPLES

- Graph Distances: Preprocess a road network in
order to efficiently compute distances
between cities

(Google Maps)

- Nearest Nejghbors: Preprocess a set of points
In order to efficiently find closest point to a
query point

(Netflix recommendations)

- Range Counting: Preprocess a set of points in
order to efficiently compute the number of
points In a given rectangle

(Amazon market size estimation)
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STATIC DATA STRUCTURES. DEFINITION

dr Q2 dm/2 Am—1 dm
?\ M
p1 ..... pz ................... ps/z ...... ps_j@

Ffficient DS: nbounde
s = 0(n)

t — pOIlegn ..........................................
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DS LOWER BOUNDS

- Two trivial solutions:

- Ss=m,t="1

- Ss=n,t=n

- There exist problems requiring s ~ m ort ~n

. Best known concrete lower bound [Sie89]:
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DS LOWER BOUNDS

- Two trivial solutions:
- s=m,t="1

- S=n,t=n
- There exist problems requiring s ~ m ort ~n

. Best known concrete lower bound [Sie89]:
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- s=0(n) = t>Q(logn)




DS LOWER BOUNDS

- Two trivial solutions:
- s=m,t="1

- S=n,t=n
- There exist problems requiring s ~ m ort ~n

. Best known concrete lower bound [Sie89]:

20t 7s)

- s=0(n) = t>Qlogn)
cs=n""" = t>Q(1)




DS LOWER BOUND. PROOF

Theorem

Let f: F" — F™ be a good error correcting
code. Then for any data structure computing f,

we have |
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Theorem

Let f: F" — F™ be a good error correcting CﬂJ—Z ""‘—W/ﬁ

code. Then for any data structure computing f, l«\ w)
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