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cΧ˺Ή

ࡦ �ȣȴʿࡩ Ƞ߿ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ƟȣʉɫǩƟɻ
Ǉȴɫȝ ɫǩǊǩƌ ȝŒʉɫǩˇ

ࡦ īǩȋȋ ɻǞȴʿࡩ ǽʞɻʉ Ƞ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ƟȣʉɫǩƟɻ ŒɫƟ ɻʞǇ˨ƁǩƟȣʉ Ǉȴɫ ࢎȝȴƌƟɫŒʉƟࢍ ɫǩǊǩƌǩʉˈ

ࡦ īǩȋȋ ɻǞȴʿࡩ ȋǩȣƟŒɫ ǩȣƌƟɠƟȣƌƟȣƁƟ ǩɻ ɻʞǇ˨ƁǩƟȣʉ
Ǉȴɫ ࢎǞǩǊǞࢍ ɫǩǊǩƌǩʉˈ



cΧ˺Ή

ࡦ �ȣȴʿࡩ Ƞ߿ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ƟȣʉɫǩƟɻ
Ǉȴɫȝ ɫǩǊǩƌ ȝŒʉɫǩˇ

ࡦ īǩȋȋ ɻǞȴʿࡩ ǽʞɻʉ Ƞ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ƟȣʉɫǩƟɻ ŒɫƟ ɻʞǇ˨ƁǩƟȣʉ Ǉȴɫ ࢎȝȴƌƟɫŒʉƟࢍ ɫǩǊǩƌǩʉˈ

ࡦ īǩȋȋ ɻǞȴʿࡩ ȋǩȣƟŒɫ ǩȣƌƟɠƟȣƌƟȣƁƟ ǩɻ ɻʞǇ˨ƁǩƟȣʉ
Ǉȴɫ ࢎǞǩǊǞࢍ ɫǩǊǩƌǩʉˈ

h Random entries rigid
in random bits dream 2h

brute force



cΧ˺Ή

ࡦ �ȣȴʿࡩ Ƞ߿ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ƟȣʉɫǩƟɻ
Ǉȴɫȝ ɫǩǊǩƌ ȝŒʉɫǩˇ

ࡦ īǩȋȋ ɻǞȴʿࡩ ǽʞɻʉ Ƞ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ƟȣʉɫǩƟɻ ŒɫƟ ɻʞǇ˨ƁǩƟȣʉ Ǉȴɫ ࢎȝȴƌƟɫŒʉƟࢍ ɫǩǊǩƌǩʉˈ

ࡦ īǩȋȋ ɻǞȴʿࡩ ȋǩȣƟŒɫ ǩȣƌƟɠƟȣƌƟȣƁƟ ǩɻ ɻʞǇ˨ƁǩƟȣʉ
Ǉȴɫ ࢎǞǩǊǞࢍ ɫǩǊǩƌǩʉˈ
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�ͮΗ̺˺ϘΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ȋǩȣƟŒɫȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q
ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ ȋǩȣƟŒɫ
ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡩ

Ȃ߾ˀ߾ + . . .+ ȂȠˀȠ "= ߽ .

Ǉȴɫ Œȋȋ Ȃ߾, . . . , ȂȠ ∈ Q ƟˇƁƟɠʉ Ȃ߾ = . . . = ȂȠ = ࡱ߽

DˇŒȝɠȋƟ
{α,߾} ŒɫƟ ȋǩȣƟŒɫȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q ǩǇǇ α ǩɻ
ǩɫɫŒʉǩȴȣŒȋࡱ



�ͮΗ̺˺ϘΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ȋǩȣƟŒɫȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q
ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ ȋǩȣƟŒɫ
ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡩ

Ȃ߾ˀ߾ + . . .+ ȂȠˀȠ "= ߽ .

Ǉȴɫ Œȋȋ Ȃ߾, . . . , ȂȠ ∈ Q ƟˇƁƟɠʉ Ȃ߾ = . . . = ȂȠ = ࡱ߽

DˇŒȝɠȋƟ
{α,߾} ŒɫƟ ȋǩȣƟŒɫȋˈ ǩȣƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q ǩǇǇ α ǩɻ
ǩɫɫŒʉǩȴȣŒȋࡱ K It K ed D ki ka Ef

tu L zE0



#̺ϡ̤ͮΧЖͮϫ̤ͩ ü̺ͩΧϘ̺Γ

üǞƟȴɫƟȝ ࢎƟɻǩƁȴʻǩʉƁǞ#ࢍ
�Ɲʂ Œ߾,Œ߿, . . . , ŒȚ ŶƝ Ț ƊǦɵʂǦȠƀʂ ɵɡʗŒɥƝ ɥȰȰʂɵ Ȱǅ
ɵɡʗŒɥƝǅɥƝƝ ǦȠʂƝǈƝɥɵࡪ ʂǛƝȠ ʂǛƝˁ ŒɥƝ ŒȈȈ ȈǦȠƝŒɥȈˁ
ǦȠƊƝɛƝȠƊƝȠʂ ȰʴƝɥ Qࡰ

I vz r f b ft Mo



�Ή̺̜͞Ϙ˺̤ͮ˺ΉΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ
ɠȴȋˈȣȴȝǩŒȋ ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡱ

DˇŒȝɠȋƟɻ
ࡦ {π, Ɲπ} ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q

ࡦ {
√
Ɲ+ ,ࠄ Ɲࠀ + {߾ ŒɫƟ ȣȴʉ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣ࢙

ƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q
{Ɲ, π}ȴɠƟȣ ɧʞƟɻʉǩȴȣ



�Ή̺̜͞Ϙ˺̤ͮ˺ΉΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ
ɠȴȋˈȣȴȝǩŒȋ ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡱ

DˇŒȝɠȋƟɻ
ࡦ {π, Ɲπ} ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q

ࡦ {
√
Ɲ+ ,ࠄ Ɲࠀ + {߾ ŒɫƟ ȣȴʉ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣ࢙

ƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q
{Ɲ, π}ȴɠƟȣ ɧʞƟɻʉǩȴȣ



�Ή̺̜͞Ϙ˺̤ͮ˺ΉΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ
ɠȴȋˈȣȴȝǩŒȋ ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡱ

DˇŒȝɠȋƟɻ
ࡦ {π, Ɲπ} ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q

ࡦ {
√
Ɲ+ ,ࠄ Ɲࠀ + {߾ ŒɫƟ ȣȴʉ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣ࢙

ƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q

{Ɲ, π}ȴɠƟȣ ɧʞƟɻʉǩȴȣ

Ya ki

p ki ee 7 P t I Xz



�Ή̺̜͞Ϙ˺̤ͮ˺ΉΉС xΗ̭̺ϑ̺Η̭̺Ηϫ £ϺΓ̜̺Ϙϡ
5Ɵ˨ȣǩʉǩȴȣ
ˀ߾, . . . , ˀȠ ∈ R ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q ǩǇ ʉǞƟˈ ƌȴ ȣȴʉ ɻŒʉǩɻǇˈ Œȣˈ ȣȴȣ࢙ʉɫǩʻǩŒȋ
ɠȴȋˈȣȴȝǩŒȋ ƟɧʞŒʉǩȴȣ ʿǩʉǞ ƁȴƟǇ˨ƁǩƟȣʉ ǩȣ Qࡱ

DˇŒȝɠȋƟɻ
ࡦ {π, Ɲπ} ŒɫƟ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣƌƟɠƟȣƌƟȣʉ
ȴʻƟɫ Q

ࡦ {
√
Ɲ+ ,ࠄ Ɲࠀ + {߾ ŒɫƟ ȣȴʉ ŒȋǊƟŷɫŒǩƁŒȋȋˈ ǩȣ࢙

ƌƟɠƟȣƌƟȣʉ ȴʻƟɫ Q
{Ɲ, π}ȴɠƟȣ ɧʞƟɻʉǩȴȣ

LW
4 Xu lin ind

e'T eh ay iad



+ȴȣɻʉɫʞƁʉǩȴȣ xࡩ Ƞ ŒȋǊƟŷɫŒǩƁŒȋȋˈ
ǩȣƌƟɠƟȣƌƟȣʉ ƟȣʉɫǩƟɻ

O



Ĩ˺Η̭̺ϘΓΧΗ̭̺ �˺ϫϘͮР

ğ =





߾ ˀ߾ ˀ߾߿ . . . ˀȠ−߾߾
߾ ˀ߿ ˀ߿߿ . . . ˀȠ−߿߾
. . . . . . . . . . . . . . . . . .

߾ ˀȠ ˀ߿Ƞ . . . ˀȠ−߾Ƞ





ğǦ,Ǻ = ˀǺ−߾Ǧ

Xi Xu EF



Ĩ˺Η̭̺ϘΓΧΗ̭̺ ̭̺ϫ̺ϘΓͮΗ˺Ηϫ

det(ğ) =

∣∣∣∣∣∣∣∣∣

߾ ˀ߾ ˀ߾߿ . . . ˀȠ−߾߾
߾ ˀ߿ ˀ߿߿ . . . ˀȠ−߿߾
. . . . . . . . . . . . . . . . . .

߾ ˀȠ ˀ߿Ƞ . . . ˀȠ−߾Ƞ

∣∣∣∣∣∣∣∣∣

=
∏

Ǻ<Ǧ≤Ƞ≥߾
(ˀǦ − ˀǺ)

xǇ ˀǦ ŒɫƟ ƌǩɻʉǩȣƁʉࡪ ʉǞƟȣ det(ğ) "= ߽

I



Ĩ˺Η̭̺ϘΓΧΗ̭̺ ̭̺ϫ̺ϘΓͮΗ˺Ηϫ

det(ğ) =

∣∣∣∣∣∣∣∣∣

߾ ˀ߾ ˀ߾߿ . . . ˀȠ−߾߾
߾ ˀ߿ ˀ߿߿ . . . ˀȠ−߿߾
. . . . . . . . . . . . . . . . . .

߾ ˀȠ ˀ߿Ƞ . . . ˀȠ−߾Ƞ

∣∣∣∣∣∣∣∣∣

=
∏

Ǻ<Ǧ≤Ƞ≥߾
(ˀǦ − ˀǺ)

xǇ ˀǦ ŒɫƟ ƌǩɻʉǩȣƁʉࡪ ʉǞƟȣ det(ğ) "= ߽



æ̭ͮͮͮ͞ϫС Χ͘ Ĩ˺Η̭̺ϘΓΧΗ̭̺

üǞƟȴɫƟȝ
�Ɲʂ F ŶƝ Œ ˧ƝȈƊ ƀȰȠʂŒǦȠǦȠǈ Œʂ ȈƝŒɵʂ Ƞ ƊǦɵʂǦȠƀʂ
ƝȈƝȚƝȠʂɵ ˀ߾, . . . , ˀȠࡰ �Ɲʂ ğ ŶƝ Œ ğŒȠƊƝɥȚȰȠƊ
ȚŒʂɥǦˀ ʸǦʂǛ ğǦ,Ǻ = ˀǺ−߾Ǧ ࡰ óǛƝȠ

RF
ğ(ɥ) ≥ Ω(Ƞ߿/ɥ) .



Changes
entries in U

R consecutive
n r cols

with a few
changes

h W

I Ek En rel s t

Cole Cohen Colleen I
together have E SIR change

h Rtl

iii
T c Cr

Tz Cz feel There Care G1 3 94 Cree



Ci
T c Cr

Tz Cz feel Th ee Ca re1 3 94 Cree

EE er Ii soooo
Y Fk CEl e h rel

Ti ERI
n Rtl

mi



at least n SI such nousn Rt 1

If n SeraRei R

II
Se R E h R

se
cn RkE Q Chef

If changes EFI

a i



Rk
4 H

Ker i

x ix i e.ie
Vanderwoude

i

We assumed that we made

s D Ee changes
then found full morale

R R

sub matrix
Even after s changes

Rank 7 R 3

Rig V rife



�˺ͮΗ ü̺ͩΧϘ̺Γ

üǞƟȴɫƟȝ
�Ɲʂ ˀ߾, . . . , ˀȠ ŶƝ ŒȈǈƝŶɥŒǦƀŒȈȈˁ ǦȠƊƝɛƝȠƊƝȠʂ
ȰʴƝɥ Qࡪ ŒȠƊ ğǦ,Ǻ = ˀǺ−߾Ǧ ࡰ óǛƝȠ ǅȰɥ ƝʴƝɥˁ
߾ ≤ ɥ ≤

√
Ƞ
߽߾ ࡪ

RC
ğ (ɥ) ≥ Ƞ(Ƞ− ߽߽߾ · ɥ߿/(߿ .

Best api rig log I
Et Ruth best nklagh

R Y Ridolfi



ßϘΧΧ͘ ´ϺϫΉͮΗ̺

ࡦ 5Ɵ˨ȣƟ Œ ƁȴȝɠȋƟˇǩʉˈ ȝƟŒɻʞɫƟ dimèèࢍ
ʂ ࢎ

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ ȋȴʿ rank(�) =⇒ ȋȴʿ dimèè
ʂ (�)

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ Œȣˈ ɻɠŒɫɻƟ èࡪ dimèè
ʂ (ğ− è) ǩɻ ǞǩǊǞ

t
Shoyup

Smoteusby



ßϘΧΧ͘ ´ϺϫΉͮΗ̺

ࡦ 5Ɵ˨ȣƟ Œ ƁȴȝɠȋƟˇǩʉˈ ȝƟŒɻʞɫƟ dimèèࢍ
ʂ ࢎ

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ ȋȴʿ rank(�) =⇒ ȋȴʿ dimèè
ʂ (�)

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ Œȣˈ ɻɠŒɫɻƟ èࡪ dimèè
ʂ (ğ− è) ǩɻ ǞǩǊǞ



ßϘΧΧ͘ ´ϺϫΉͮΗ̺

ࡦ 5Ɵ˨ȣƟ Œ ƁȴȝɠȋƟˇǩʉˈ ȝƟŒɻʞɫƟ dimèèࢍ
ʂ ࢎ

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ ȋȴʿ rank(�) =⇒ ȋȴʿ dimèè
ʂ (�)

ࡦ ßɫȴʻƟ ʉǞŒʉ Ǉȴɫ Œȣˈ ɻɠŒɫɻƟ èࡪ dimèè
ʂ (ğ− è) ǩɻ ǞǩǊǞ



ðͩΧϺϑ࢙ðΓΧΉ̺Ηϡ΄С 5ͮΓ̺ΗϡͮΧΗ

5Ɵ˨ȣǩʉǩȴȣ
`ȴɫ Œȣˈ ʂ,Ƞ ∈ N Œȣƌ � ∈ CȠ×Ƞࡱ üǞƟ
ʂ࢙ðǞȴʞɠ࢙ðȝȴȋƟȣɻȅˈ ƌǩȝƟȣɻǩȴȣ ȴǇ ࡪ� dimèè

ʂ ࡪ(�)
ǩɻ ʉǞƟ ƌǩȝƟȣɻǩȴȣ ȴǇ ʉǞƟ ʻƟƁʉȴɫ ɻɠŒƁƟ ȴʻƟɫ Q
ɻɠŒȣȣƟƌ ŷˈ ɠɫȴƌʞƁʉ ȴǇ ʂ ƌǩɻʉǩȣƁʉ ƟȋƟȝƟȣʉɻ
ȴǇ ࡱ�

y
measures algebraic independence
polys of degree C of entries A

A 823 dim OX L because K spansA
A Ear 589 dim One 1 R spans A
A Fe 533 dim 0 2 B spans A



f SS dim

Enemies i
He
gives a set of munn hens

dimsse A dim of this set of
numbers

A EEE
1 SS dim BF 1,549,23
dimECA olim B 3

2 SS dim 13 94 R B Z

56,252,2lb
olim A olim 134 4





ðð 5ͮΓ̺ΗϡͮΧΗ Χ͘ �

�ƟȝȝŒ
^Ȱɥ ŒȠˁ ʂ,Ƞ ∈ N ŒȠƊ � ∈ CȠ×Ƞࡰ �Ɲʂ ɥ = rank(�)ࡪ
ʸƝ ǛŒʴƝ

dimèè
ʂ (�) ≤

(
Ƞɥ+ ʂ
ʂ

߿(
.













ðð 5ͮΓ̺ΗϡͮΧΗ Χ͘ ğ− è

�ƟȝȝŒ
^Ȱɥ ŒȠˁ Ƞ ∈ Nࡪ ߾ ≤ ʂ ≤ Ƞ

߿ ࡪ ŒȠƊ ߾ ≤ ɵ < ʂȠࡰ �Ɲʂ ğ
ŶƝ Œ ğŒȠƊƝɥȚȰȠƊƝ ȚŒʂɥǦˀ ʸǦʂǛ ŒȈǈƝŶɥŒǦƀŒȈȈˁ
ǦȠƊƝɛƝȠƊƝȠʂ ƝȠʂɥǦƝɵ ŒȠƊ è ∈ CȠ×Ƞ ɵʗƀǛ ʂǛŒʂ
‖è‖߽ ≤ ɵࡪ ʂǛƝȠ

dimèè
ʂ (ğ− è) ≥

(
Ƞ− ɵ

ʂ
)ʂ

.







�˺ͮΗ ü̺ͩΧϘ̺Γ

üǞƟȴɫƟȝ
�Ɲʂ ˀ߾, . . . , ˀȠ ŶƝ ŒȈǈƝŶɥŒǦƀŒȈȈˁ ǦȠƊƝɛƝȠƊƝȠʂ
ȰʴƝɥ Qࡪ ŒȠƊ ğǦ,Ǻ = ˀǺ−߾Ǧ ࡰ óǛƝȠ ǅȰɥ ƝʴƝɥˁ
߾ ≤ ɥ ≤

√
Ƞ
߽߾ ࡪ

RC
ğ (ɥ) ≥ Ƞ(Ƞ− ߽߽߾ · ɥ߿/(߿ .




