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- Know: @algebraically Independent entries
form rigid matrix
- . Will show: just@algebraically Independent
entries are sufficient for (moderate) rigidity
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LINEARLY INDEPENDENT NUMBERS

Definition

X1,...,Xn € R are linearly iIndependent over Q
If they do not satisfy any non-trivial linear
equation with coefficient in Q:

l?1X1—|—...—|—l?an#O.

forall Ry,..., Ry € Qexceptki=... =Rk, =0.



LINEARLY INDEPENDENT NUMBERS
Definition

X1,...,Xn € R are linearly iIndependent over Q
If they do not satisfy any non-trivial linear
equation with coefficient in Q:

forall Ry,..., Ry € Qexceptki=... =Rk, =0.
Example

{1, o} are linearly independent over Q iff a IS
irrational. ky- 14 ly o*=0 k) ke €F-
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BESICOVITCH THEOREM

Theorem (Besicovitch)

Let aq,a,,...,am be m distinct square roots of

square-free integers, then they are all linearly
Independent over Q.
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ALGEBRAICALLY INDEPENDENT NUMBERS
Definition

X1,...,Xn € R are algebraically independent

over Q If they do not satisfy any non-trivial
polynomial equation with coefficient in Q.

Examples

- {m,e"} are algebraically independent
over Q

2 % . .
- ({/e+7,e3 + 1} are not algebraically in-
dependent over QQ
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ALGEBRAICALLY INDEPENDENT NUMBERS
Definition

X1,...,Xn € R are algebraically independent
over Q If they do not satisfy any non-trivial
polynomial equation with coefficient in Q.

Examples
- {m,e™} are algebraically independent
over Q
. {V/e+7,e>+ 1} are not algebraically in-
dependent over Q {2
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VANDERMONDE MATRIX

X‘I""’ x"‘ éF
2 n—1
(1 X X X771
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VANDERMONDE DETERMINANT

det(V) =

\2
2 n—1

1T X1 X X
2 n—1

1 X2 X5 X
2 n—1

T Xn X5, X




VANDERMONDE DETERMINANT

1T X X3 X
1 X, x2 ... xI7
det(V): 2 2 = H (X,'—Xj)
.................. i
1 X X2 X0

If x; are distinct, then det(V) # 0



RIGIDITY OF VANDERMONDE

Theorem
Let IF be a field containing at least n distinct
elements xq,...,X,. Let V be a Vandermond

matrix with V;; = X" Then

RY(r) > Q(n?)r).



Theorem CW S

Let F be a field containing at least n distinct .
elements xq, . . ., Xn. Let V be a Vandermond Q"'/L“" 28 V.

matrix with V;; = X" Then
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MAIN THEOREM 2
@y& expl ﬂ?g %[‘ff [%)
Ex. g<n | bost e logu

Theorem

Let xq,...,Xn be algebraically independent

over Q, and V;; = X" Then for every

1<r< ‘1/—05, g = \E-:—:; Q(Q)Z_V(m‘)

RY(r) > n(n —100-r?)/2.
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PROOF OUTLINE

- Define a complexity measure (dim?>) /

- Prove that for low rank(L) = low dim:>(L)

+ Prove that for any sparse S, dim?>(V — S) is high



SHOUP-SMOLENSKY DIMENSION

Definition
Foranyt,n e Nand A e C"™". The

, dim?>(A),
Is the dimension of the vector space over QQ
spanned by product of t distinct elements

A«;{@} d?w\ @' ';1 ,MMH\QSMA.
Az§02,G8 dm Bed, N2 spans A
A=, B3 din B2 (IR, BBE spans A
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Lemma
Forany t,n e Nand L € C"™". Let r = rank(L),

we have 2
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Lemma
Foranyt,n e Nand L € C"™". Let r = rank(L),

we have ,
nr+t
dim>(L) < ( . ) :
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SS DIMENSION OF V — S

Lemma

Foranyne N, 1<t <5, and 1 <5< tn. LetV
be a Vandermonde matrix with algebraically
independent entries and S € C"*" such that
1S|lo <'s, then

dim*(V - $) > (n - %)t
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MAIN THEOREM

Theorem

Let xq,...,Xn be algebraically independent
over Q and V;; = X~'. Then for every

Vn

N
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